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Abstract 

Qh ' This article presents some qualitative results for solutions of the fully 

nonlinear elliptic equation F(Vu, D 2 u) + f(u) = in JR N . Precisely under 
some additional assumptions on /, if — 1 < u < 1 and lim Xl ^± 00 u{x%, x') = 
±1 uniformly with respect to x' , then the solution depends only on x\. 

1 Introduction 

The sliding method was crystalized in [5j by Berestycki and Nirenberg in order to 
prove monotonicity of solutions of 

Cl : 

CSj : Au + f{u) = mttcH N . (1.1) 

o : 

This powerful method uses two features of the Laplacian, comparison principle and 
invariance with respect to translation. The idea is: Fix a direction; first slide in 
.£h ! that direction enough for the intersection of the slided domain with Q to be small 

enough or "narrow enough" for the maximum principle to hold. This allows to 
compare the value of the solution at different points of the domain. Then continue 
"sliding" until reaching a critical position. 

Coupling simplicity with ductility, the sliding method of [5] has been incredibly 
influential, it is possible to count over two hundred citations of the work (e.g. 
through google scholar). We shall here only recall the work by Berestycki, Hamel 
and Monneau jl] where the technic is used to prove the so called Gibbons conjecture 
. This was simultaneously and independently solved by Barlow, Bass and Gui [2] 
and Farina [19] . Precisely in [1], they prove that if / is a C 1 ([— 1,1]) function 
decreasing near —1 and 1, with /(— 1) = /(l) = (typically, f(u) = u — u 3 ) then 
the solutions of f 1 1.1 1) in JR N that converge uniformly to 1 or -1 at infinity in some 
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fixed direction, say x%, are in fact one dimensional i.e functions of x% alone. In [I], 
the sliding method is coupled with a maximum principle (comparison principle) in 
unbounded domains contained in some cone. 

As is well known the Gibbons conjecture is a weak form of the famous De 
Giorgi's conjecture which states that for f{u) = u — u 3 , the level sets of monotone, 
entire solutions of ( II. ip are hyperplanes for N < 8. This result has been proved in 
dimension 2 and 3 respectively by Ghoussoub and Gui [23] and by Ambrosio, Cabre 
P], while Del Pino, Kowalcyk and Wei [17] have proved that it does not hold for 
iV > 8 by constructing a counter example. Savin has proved the case 4 < TV < 8, 
with the further condition that the limit be ±1 in a direction at infinity, in that 
case this condition is not assumed to be uniform with respect to the other variables. 
See also |28j for analogous results concerning the p-Laplacian. 

In the present note we extend Gibbons conjecture to fully nonlinear operators. 
Precisely, we consider entire bounded solutions of 

F(Vu,D 2 u) + f(u) =0 in IR^, (1.2) 

where F(Vu, D 2 u) := \Wu\ a F(D 2 u) with a > — 1 and F is uniformly elliptic. 
With the same conditions on the nonlinearities of / as in [I] , we prove that for any 
solution such that \\m Xl ^ f ± 00 u(xx, x') = ±1 uniformly with respect to x' and such 
that |Vw| > in R N then d Xl u > and u is a function of X\ alone. 

Many remarks are in order. Let us note that in the case a < 0, some recent 
regularity results [8j prove that locally Lipschitz solutions are in fact C 1 ^ for some 
f3 < 1, and this regularity is sufficient to prove the results enclosed here. For a > 
the C l regularity is a consequence of the hypothesis on the positivity of the norm 
of the gradient. 

A key ingredient in the proof of this result, which is of independent interest, is 
the following, strong comparison principle. 

Proposition 1.1 Suppose that Q is some open set, and x Q ,r such that B(x ,r) C 

a 

Suppose that f is C 1 on JR , and that u and v are, respectively, C 1 bounded sub- 
and super- solutions of 

F(Vw,D 2 w) + f(w) = in Q 

such that u > v and Vv ^ (or Vu ^ 0) in B(x Q ,r), then, either u > v or u = v 
in B(x D , r). 
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Observe that the condition that the gradient needs to be different from zero cannot 
be removed. Indeed, for any m,k € Z with k < m the functions 

( 1 for xi > (2m + 2)vr 

Uk,m(x) = I cosxi for (2k + l)n < x\ < (2m + 2)tx 
[ -1 for Xl < (2k+l)n 

are viscosity solutions of 

\Vu\ 2 (Au) + (u-u 3 ) = 0, 

and they are C 1 ' 13 for all j3 < 1. 

Observe that e.g. -u ,o > Uo,i f° r all z > 1 and u fl(2ir,y) = u 0t i(27r,y) but the 
functions don't coincide. 

This example suggests that there may be solutions that are not one dimensional 
if the condition on the gradient is removed. 

When a = 0, De Silva and Savin in [18], have proved the analogue of De Giorgi's 
conjecture for uniformly elliptic operators in dimension 2. With / as above, they 
prove that if there exists a one dimensional monotone solution i.e. [— 1.1] 

such that u(x) = g(i] ■ x) is a solution of 

F(D 2 u) + f(u) = in IR 2 (1.3) 

satisfying lim^ioo g(i) = ±1 then, all monotone bounded solutions of ( II. 3p are 
one dimensional, i.e. their level sets are straight lines. 

Let us mention that without any further assumptions on / solutions may not 
exists. Indeed, let F(D 2 u) = Ai^ A (D 2 u) where for any symmetric matrix M with 
eigenvalues e«, 

Mt A (M)=aJ2e l + AY,e l . 

ei<0 e,>0 

Then, as shown in the last section, for a < A there are no one dimensional solutions 
of 

Ml A (D 2 u) + u-u 3 = 0, 

that satisfy the asymptotic conditions. In that section we study conditions on / 
that guarantee existence of solutions of the ODE 

\A a M + aiA (u") + /(«) = o 

that satisfy \im. x ^± 00 u(x) = ±1. 

While completing this work, we have received a paper by Farina and Valdinoci, 
[20] . who treats Gibbons conjecture in a very general setting that includes the case 
a = 0. 
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2 Assumptions and known results 



In the whole paper we shall suppose the following hypotheses on the operator F. 

Let S be the set of N x N symmetric matrices, and let a > —1. Then F is 
defined on M N \ {0} x S by 

F(p,M) = \p\ a F(M), (2.4) 

where F satisfies 

F(tM) = tF(M) for any t G IR+, M G S, 
and there exist A > a > such that for any M and any iV G S such that N > 

atr(N) < F(M + N) - F(M) < Atr(N). (2.5) 

Example 2.1 Let < a < A and M+ A ( M ) be the Pucci's operator M+ A ( M ) = 
Atr(M + ) — atr(M~) where M ± are the positive and negative part of M, and 
M~ A (M) = -MX A (-M). Then F defined as 

F(p,M) = \p\ a M± A (M) 

satisfies the assumptions. 

2) Let B be a symmetric positive definite matrix then F(p, M) 
is another example of operator satisfying the assumptions. 

We now recall what we mean by viscosity solutions in our context : 

Definition 2.1 Let Q be a bounded domain in JR N , let g be a continuous function 
on Q x 1R ; then v, continuous on Q is called a viscosity super-solution (respectively 
sub-solution) of F(Vu, D 2 u) = g(x,u) if for all x G Q, 

-Either there exists an open ball B(x ,5), 6 > in Q on which v is a constant 
c and < g(x, c), for all x G B(x , 5) (respectively > g(x, c) for all x G B(x , 5) ) 

-Or Vy? G C 2 {Vt), such that v — <p has a local minimum (respectively local maxi- 
mum) at x Q and V^(a;o) ^ ; one has 

F(V(p(x ),D 2 ip(x )) < g(x ,v(x )). 

(respectively 

F(Vip(x ),D 2 (f(x )) > g(x ,v(x ))). 

A viscosity solution is a function which is both a super-solution and a sub- 
solution. 



p\ a (tr(BM)) ; 
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Remark 2.2 When F is continuous inp, and F(0,0) = 0, this definition is equiv- 
alent to the classical definition of viscosity solutions, as in the User's guide J7^] /. 

We now give a definition that will be needed in the statement of our main theorem. 

Definition 2.3 We shall say that |Vw| > m > in Q in the viscosity sense, if for 
all if G C 2 (Q), such that u — Lp has a local minimum or a local maximum at some 
x G fl, 

\Vip(x )\ > m. 

In our context, since the solutions considered have their gradient different from 
zero everywhere, the viscosity solutions can be intended in the classical meaning. 

We begin to recall some of the results obtained in [7j which will be needed in 
this article. 

Theorem 2.4 Suppose that c is a continuous and bounded function satisfying c < 
0. 

Suppose that f\ and are continuous and bounded and that u and v satisfy 

F(Vu,D 2 u) + c(x)\u\ a u > fx m Q, 
F(yv,D 2 v) + c(x)\v\ a v < f 2 m Q, 
u < v on dQ. 

If fi < fi then u < v in Q. Furthermore, if c < in Q and / 2 < f\ then u < v in 
tt. 

Proposition 2.5 Suppose that O is a smooth bounded domain. Let u be a solution 
of 

F(Vu,D 2 u)<0 in O. (2.6) 

If there exists some constant c Q , such that u > c Q inside O and u(x) = c Q with 
x G dO, then 

„ u(x — tn) — u(x) 
liminf > 0, 

i-i>0+ t 

where n is the outer normal to DO at x. 

Remark 2.6 In particular Proposition Iff. 51 implies that a non constant super- 
solution of $2.6}) in a domain Q has no interior minimum. 
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If c Q = 0, the result can be extended in the following manner : Suppose that 
j3 > a, that c is continuous and bounded, and u is a nonnegative solution of 



F(Vu, D 2 u) + c(x)u 



then either u = 0oru>0inQ. In that last case, ifu — O on some point x Q G dfl, 
then dftu(x ) > 0. 

We now recall the regularity results obtained in [8]. 

Theorem 2.7 Suppose that Q is a bounded C 2 domain and a < 0. Suppose that g 
is continuous on Q x 1R . Then the bounded solutions of 



satisfy u G C 1 ' 13 ^), for some (3 G (0, 1) . 

Furthermore if Q is a domain (possibly unbounded) oflR N and if u is bounded 
and locally Lipschitz then u 6 C\f c (Q) for some (3 G (0, 1). 

When a > 0, C 1 regularity results are not known except for the one dimen- 
sional case or the radial case, however here, since the solutions that we consider 
have the gradient bounded away from zero, this regularity is just a consequence of 
classical results and a priori estimates. Indeed next theorem is just an application 
of Theorem 1.2 of [13], which in turn is the extension of Caffarelli's classical result: 

Theorem 2.8 Suppose that Q is a (possibly unbounded) domain, and that g is C 1 
and bounded. Let u be a bounded solution of 



If |Vii| > m > in Q in the sense of Definition \2. 31 there exists {3 G (0, 1) and 
C = C(a, A, N, \g(u)\oo, m) such that if B(y, p) C Q, 




in fi, 
on dQ 



(2.7) 



F{Vu,D 2 u) = g(u) in tt. 



(2.8) 



u\\c^(B(y^)) < C SUp \u 
B(y, P ) 



(2.9) 



Proof. We introduce the operator: 
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If u is a solution of (12. 8p such that in the viscosity sense |Vw| > m > 0, then it is 
a solution of 

G(u, Vu, D 2 u) = in Q. 

Indeed, e.g. if if G C 2 is such that (u — f)(x) > (u — f)(x) for some x G Q, then 
|Vy?|(x) > m and 

|Vp| a (z)F(I>V(z)) > =*> F(D 2 <p(x)) - \V<p(x)\- a g(u(x)) > 0. 

In order to apply Theorem 1.2 of [13], it is enough to remark that, G does not de- 
pend on x and therefore the condition on the modulus of continuity is automatically 
satisfied. 

Furthermore, the dependence on the gradient is Lipschitz, where the Lipschitz 
constant depends on m and \g(u) |oo- Applying Theorem 1.2 of [13] we have obtained 
the above estimate and u G C 1 ' 13 ^). This ends the proof. 

3 Comparison principles 

As mentioned in the introduction, we begin by proving a strong comparison prin- 
ciple, that extends the one obtained in [8]. 

Proposition 3.1 Suppose that Q is some open subset o/M , / is C l on IR . Let 

u and v be C 1 bounded sub-solution and super- solution of 

F(Vu,D 2 u) + f(u) = inQ. 

Suppose that O is some connected subset offl, with u > v and Vi> ^ (or Vu ^ 0) 
on O , then either u>voru = vinO. 

Remark 3.2 Of course when a = the strong comparison principle is classical 
and holds without requiring that the gradient be different from zero. 

Proof of Proposition \ 3.1[ We write the proof in the case a < 0, the changes to 
bring when a > being obvious. 

We argue as in [HJ. Suppose that x Q is some point where u(x ) > v(x ) (if such 
point doesn't exist we have nothing to prove). 

Suppose by contradiction that there exists some point x\ such that u{x\) = 
v(xi). It is clear that it can be chosen in such a way that, for R — \x\ — x \, u > v 
in B(x Q , R) and X\ is the only point in the closure of that ball on which u and v 
coincide. Without loss of generality, one can assume that B{x , 3f ) C O. 
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We can assume without loss of generality that v is the function whose gradient is 
bounded away from zero. Let then L\ = inf B(a , o 3A) |Vi>| > 0, L 2 = sup^^ m) |Vi>|. 
We will prove that there exist two constants c > and 5 > such that 

ev -Ht-t I -3e-R - -R ^ , . . 3R 

u > v + o(e 1 °' — e 2 ) = v + w m — < |x — x \ = r < — . 

This will contradict the fact that u(xi) = v(x 1 ). 
Let 5 < min (u — v), so that 

| X X Q | = 



w>v + «; on dlB(x ,— )\B(x ,— )J . 

Define 

7(a0 = / ^gjiy if «<*) ^ 

\ f'(u(x)) if = f (x). 

Since / is C 1 and the functions u and v are bounded, 7 is continuous and bounded. 
We write 

f(u) = j(x)(u-v) + f(v), 
F{Vu, D 2 u) - (I7U + l)(u-v) = -f(v) + (-7 - I7U -l)(u-v)< F{Vv, D 2 v). 
We shall prove that, for c chosen conveniently, 

F(Vv, D 2 v) < F(V(v + w),D 2 (v + w)) - (I7U + l)w, 

this will imply that 

F(Vu, D 2 u) - (I7U + l)u < F(y(y + w),D 2 (v + w)) - (I7U + l)(v + w). 

Let ip be some test function for v from above, a simple calculation on w implies 
that, if c >i( ^g^ ) then 



|V(^ + Vw| Q • F(x,D 2 ip + D 2 w) -(^U + ^w 

> I Vy? + Vw| Q F(a;, £>V) + I Vy> + Vw| Q AT(iA(;) - (I7U + l)iu 



a F(Vf,D 2 f) 
\Vip\ a 



+ 



ac 



+ |Vy? + Vw\ a — Se~ cr - (| 7 |oo + l)Se 
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ac 2 „ _, , 



We also impose S < so that |Vw| < then the inequalities 

\\V<p + Vw\ a - \V V \ a \ < lallV^HV^I - 1 f-J < { —^- 

imply that 

\V<p+Vw\ a (P(x,D 2 ip + D 2 w)) > -fivyifiv^lVifl^la^cSe-^+L^de 

It is now enough to choose 

AA{N - 1) H|/^)|oo2 2 -« / 16(| 7 |oc + 1) \ 1 
° " i2 + aL^ +a + ^ aLf J 

to finally obtain 

| + Vw\ a F{x, D\ + D 2 ^) - (| 7 |oc + l)w > f(v) + ^-f- ([^ + i) 8e - 

o 

i.e. 

F(x, V(f + w), D 2 {v + w)) - (17(00 + l)w > F(x, Vu, £> 2 v). 
Hence the comparison principle, Theorem I2.4[ gives that 



u>v + w in B(x ,^—)\B(x ,—), 

the desired contradiction. This ends the proof of Proposition 13.11 

From now / will denote a C 1 function defined on [—1,1], such that /(— 1) = 
/(l) = 0, and nonincreasing on the set [—1, — 1 + 5] U [1 — 5, 1] for some 5 e]0, 1[. 
Next is a comparison principle in unbounded domains that are "strip" like. 

Proposition 3.3 Suppose that u and v are C l , have values in [—1, 1] and are 
respectively sub and super solutions of 



N 



F(Vw,D 2 w) + f(w) = in H 

with F(Vu,D 2 u) e L°°, F(Vv,D 2 v) e L°° . If b,c E H are such that b < c, 
Q = [b, c] x IR-^ -1 , I Vw| and \ Vt>| > m > and either u < —1 + 5 or v > 1 — 5 in 
Q, then 

u — v < sup(-u — v) + . 
an 
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Proof of Proposition 13.31 

Without loss of generality / can be extended outside of [—1, 1] in order that / 
be still C 1 , bounded, and nonincreasing after 1 — 5 and before —1 + 5. Suppose, 
to fix the ideas, that v > 1 — 5 in Q. 

We can also assume that u < v on dQ. Indeed, since / is decreasing after 
1 — 5, w — v + sup dn (u — v) + is a super-solution which satisfies F(Vw, D 2 w) G L°°. 
Suppose by contradiction that sup n (-u — v) = A for some A > 0. 

By definition of the supremum, there exists some sequence (x k )k such that 
(u — v)(x k ) — > A. Eventually extracting from (x k )k a subsequence, still denoted 
{x k )k, we have x\ — > x\ G [b, c]. For any x — (xi, x') let 

u k (xi, x') = u(xi,x' + (x') k ) 

and 

v k (x 1 , x') = v(xx, x' + (x') k ). 

By the uniform estimates 12.91 in Theorem 12.81 one can extract from {u k )k and 
{y k )k some subsequences, denoted in the same way, such that u k — >■ u and v k — > v 
uniformly on every compact set of [b, c] x IR^ -1 and u and v + A are solutions of 

F(Vu,D 2 u) >-f(u), 

F(V(v + X),D 2 (v + A)) < -f(v) < -f(v + A). 

Furthermore, u < v + A, and through the uniform convergence on the compact set 
[b, c] x {O}^ 1 , \im k u k (xi,0) = \im k u k (x k ,0) and lim fc v k (xi, 0) = lim fe v k (x k , 0). 
This implies that 

u(xi,0) = \imu(x k , + x' k ) 

k 

= limv{x k l ,0 + x' k ) + \ = v{x 1 ,0) + X. 

k 

Now using the fact that |Vw| > m and |Vw| > m on [b, c] x IR^ -1 , by passing to 
the limit one gets that |Vw| > m > and |Vv| > m on that strip, and the strong 
comparison principle in Proposition I3.1[ implies that u = v + A. 
On the other hand, 

x 1 + x /fc ) < f (6, x' + x' fc ) 
implies, by passing to the limit that 

u(b, x') < v(b, x') 

a contradiction. 
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4 Proof of the one dimensionality. 

We now state precisely and prove the main result of this paper: 

Theorem 4.1 Let f be defined on [—1,1], C 1 and such that f is nonincreasing 
near —1 and 1, with /(— 1) = /(l) = 0. Let u be a viscosity solution of 



F{Vu, D 2 u) + f(u) = in E^, 

with values in I — 1,11. Suppose that lim u(xi,x') = ±1, uniformly with respect 

to x' , and, if a ^ 0, suppose that for any b < c there exists m > st/c/i £/ia£ 
|Vu(x)| > m > in [b, c] x IR^ -1 m £/ie viscosity sense. 
Then u does not depend on x' i.e. u(xi,x') = v{x\) where 

j F(«'ei, t/'ei <g> ei) + /(«) = in E, 
1 \v\ < 1, lim v = ±1 ^ 4 - 10 ) 



x— >±oo 



and i> increasing. 



Proof of Theorem J^.l, We proceed analogously to the proof given in First 
observe that by Theorem 12.81 the solution u is in Cf^(TR, N ), so that the condition 
on the gradient is pointwise and not only in the viscosity sense. 

Let 5 be such that / is nonincreasing on [—1, — 1 + 5] U [1 — 5, 1]. Define 



£+ : = { x = (x^x) G IR , xi > M} and := {x = (x u x') G IR , Xi < M}. 

By the uniform behavior of the solution in the x\ direction, there exists M\ > 
such that 

u(x) > 1 — S in E^, w(x) < — 1 + 5 in E7 Mi y 

Fix any i/ = (z/j., . . . , z/ n ) such that z/ x > and let u t (x) := u(x + tv). 
Claim 1 : For t large enough, u t > u in R^. 
For x G E/Lji^) and for t large enough, say t > 

u(x + tv) > 1 — S and u > u on ii = —Mi. 

We begin to prove that u t > u in Hf_ Mi y 

Suppose by contradiction that sup s + [u — u t ) = m > 0. 

(— M i) 
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Observe that since lim u = lim u t = 1 uniformly, there exists M 2 such that 
for x\ > M 2 > —Mi, \u t — u\ < ^f-. Then sup v + (u — u t ) = m is achieved inside 
[-M 1 ,M 2 ] x JR N -\ 

On that strip, by hypothesis, there exists m > such that |Vw|, |V«t| > m, and 
also u t > 1 — 5. Then one can apply the strong comparison principle in Proposition 
13.31 with b = —Mi and c = M 2 and obtain that 

TYl 

u — u t < sup (u — u t ) + < — -, 

{xi=-Mi}U{xi=M 2 } 2 

a contradiction. Finally we have u < u t in S^ Mi n. 

We can do the same in £7_ M i by observing that, in that case, u < —1 + 5. 
This ends the proof of Claim 1. 

Let r = inf{t > 0, such that u t > u e R^}, by Claim 1, r is finite. 
Claim 2: r = 0. 

To prove this claim, we argue by contradiction, assuming that it is positive. 
We suppose first that 

77 := inf (u T — u) > 0, 

[-Mi.MilxR^- 1 

and we prove then that there exists e > such that 7i T _ e > u in H^. This will 
contradict the definition of r . 

By the estimate (12. 9p in Theorem I2.8[ there exists some constant c > such 
that for all e > 

\u T — 7i T _e| < 6C. 

Choosing e small enough in order that ec < \ and e < r, one gets that 7i T _ e — w > 
on {x\ = M\}. The same procedure as in Claim 1 proves that the inequality holds 
in the whole space IR^, a contradiction with the definition of r. 

—Mi, Mi] x IR^ -1 ) such that 

{u — u T )(xj) —> 0. 

Let Vj(x) = u(x + Xj) and fj, r (x) = u T (x + Xj); these are sequences of bounded 
solutions, by uniform elliptic estimates (consequence of Theorem 12 .8[) . one can 
extract subsequences, denoted in the same way, such that 

Vj — > v and Vj jT — > v T 



12 



uniformly on every compact set of H . Moreover, Vj and Vj >T are solutions of the 
same equation and passing to the limit, v > v T . Furthermore v(0) = ]ha.j- ¥+00 u(xj) = 
limj-^+oo u T (xj) = v T (0) and 

|Vu|(0) = lim |Vm(xj)| > m 

by the assumption on V«. 

Since \Wv\ > everywhere, by the strong comparison principle in Proposition 

13.11 v T — v on any neighborhood of . This would imply that v is r periodic. 
By our choice of M 1; Wx 6 , Vj(x) = u(x + Xj) > 1 — 5 and 
Wx G S7 2Mi)-> v j( x ) = u ( x + x j) < — 1 + ^ ) This contradicts the periodicity. 

Hence r = and this ends the proof of Claim 2. 

This implies that dpu(x) > 0, for all x e IR^ since for all t > 0, u{x + W) > u(x) 
as long as z^i > 0. 

Take a sequence v n = (zA,n, such that < ui jn and ui^ n — >• 0. Since w is C 1 , 
by passing to the limit, 

dju(x) > 0. 

This is also true by changing V in — V , so finally dpm{x) = 0. This ends the proof 
of Theorem 14.11 



5 Existence's results for the ODE. 

We prove in this section that the one dimensional problem (I4.10p . under additional 
assumptions on /, admits a solution and that, when a < 0, the solution is unique 
up to translation. 

We consider the model Cauchy problem 

/ -Mt A {u")\u'\ a = f(u), in K 



u(0) = 0,u'(0) 



(5.11] 



where M-aA * s one °f the Pucci operators. 

With / such that /(— 1) = /(0) = /(l) = 0, / is positive in ]0, 1[, negative in 

]-i,o[, / is cHt-i,!])- 

( M. if f(t) > o 

We introduce the function f a , A (i) — j fit) [e) ( 5 so th & t; equation (15. lip 

can be written in the following way 

f -u"\u'\ a = f a:A (u), in K , . 

\ u(0) = 0,u'(0) = 5. { > 
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We also assume on /: 



1- f 



'(±1) < 0, 



2. J_ faX*)ds = 0, 

3. foralUe (-1,0], # f a , A {s)ds > 0. 



5i will denote the positive real 



5 1 ={(2 + a) 



i 



/(*) 



a 



ds 



) 



2 + a 



(5.13) 



Without loss of generality / is extended outside of [—1,1] so that / G C 0,1 (IR), 
/ > on (— oo, —1), / < on [1, +oo). Then / satisfies also for alH G 1R \ {±1} 



According to Cauchy-Lipschitz's theorem, as soon as u'(0) ^ there exists a 
local unique solution. Moreover the Cauchy Peano's Theorem establishes some 
global existence's theorem. 

We establish existence and uniqueness (in the case a < 0) of weak solutions 
and their equivalence with viscosity solutions. 

Definition 5.1 A weak solution for $5.12) is a C 1 function which satisfies in the 
distribution sense 



Without loss of generality we can suppose that 6 = 0. 

Remark that we are interested in solutions that are in [—1, 1] so we shall suppose 
that u Q G (—1, 1). 

Remark 5.2 Let us note that the condition 2 on f is necessary for the existence 
of weak solutions which satisfy \\m x ^ +00 u(x) = 1, \im x ^_ OQ u(x) = —1. Indeed 
by continuity u has a zero and without loss of generality we can suppose that it is 





(5.14) 
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in 0. Since the solution u is C 1 , and bounded, the limit of u' at infinity is 0. In 
particular, multiplying the equation ( 5.1$ by v! and integrating in [0, +oo) 



\ u '(0)\ 2+a = -(2 + a) C f -^ds 

Jo a 



and in] — oo, 0], similarly 



\u'(0)\ 2+a = (2 + a) / / -j^-ds = (2 + a) J° ^-ds. 



This implies 2. 



Proposition 5.3 For a > — 1 there exists a solution of ( 5.14 ), and for a < this 
solution is unique. 

Proof. 

To prove existence and uniqueness observe that both the equations f)5.12p and 
( I5.14p can be written, with u = X and Y = \u'\ a u', under the following form 



X' \ ( \Y\^- X Y 



(5.15) 



with the initial conditions X(0) = 0, Y(0) = \5\ a 5 and the map (X, Y) \-t 

( |F|^T _1 y \ 

. 1 ' . , „. is continuous. When a < it is Lipschitz continuous; and 

V "I 1 + a)faA x ) J 

when a > it is Lipschitz continuous for Y(0) ^ 0. Now the result is just an 
application of the classical Cauchy Peano's Theorem, and the Cauchy Lipschitz 
theorem. It is immediate to see that weak solutions and the solutions of (15.151) are 
the same. This ends the proof. 



Observe that weak solutions are viscosity solutions. Indeed, it is clear that 
u' is C 1 , hence if u' ^ 0, v! is C 1 . Finally u is C 2 on each point where the 
derivative is different from zero and on such a point the equation is —\u'\ a u" = 
f(u(x)) so u is a viscosity solution. 

We now consider the case where u is locally constant on \x\ — 5i,x\ + S\[ for 
some Si > the "weak equation" gives f(u(xi)) = 0, then u(xi) = 0, 1 or —1, and 
u is a viscosity solution. 

We now assume that a < and recall that according to the regularity results 
in [9] applied in the one dimensional case, the solutions are C 2 . We now prove that 
the viscosity solutions are weak solutions. 
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When u'(x) 7^ or when u is locally constant, it is immediate that u is a weak 
solution in a neighborhood of that point. 

So, without loss of generality, we suppose that, u'(x\) = 0, 1 > u(xi) > and 
hence u is not locally constant. Then, by continuity of u and the equation, there 
exists r > such that 

u" < in {x\ — r, X\ + r) . 

Furthermore there exists (x n ) n , such that x n G (xi—r,xi), x n — > x\ and u'(x n ) 7^ 0; 
by the equation we obtain that 

u"(x n ) < 0. 

Finally, u'(x) = u"(t)dt > for x G (xi — r, Xi). Similarly u'{x) < for 
x G (xi, Xi + r). 

By uniqueness of the weak solutions , u satisfies in a neighborhood of x\\ 

- — (\ '1° '\ - ( 1 + a )f( u ( x )) 
dx [l 1 J " a 

This proves that u is a weak solution. 

Proposition 5.4 Suppose that a < 0. Le£ 1x5 5e i/ie unique solution of $5.11\) . 
Then for 5\ defined in $5.13\) . 

1) If 5 > 8\, \u${x)\ > C\x\ for C = 5 2+a — 5l +a . In particular lim us(x) = ±00 
and u' s > 0. 

2) If 5 = 8\, u'i >0inM and lim Uxix) = 1, lim w^fx) = —1. 

5j If —S\ < 5 < 5i then \us(x)\oo < 1 / or x G 1R. The solution can oscillate. 
4) If 8 < —81, us is decreasing on JR, hence us < on JR + , us > on JR~ . 

Remark 5.5 The case 2) in Proposition \5.J\ is clearly false in the case a > 0. As 
one can see with the example : a = 2, f(u) = u — u 3 , u(x) = sinx, u satisfies 
u'(0) = 81 = A Jq f(s)ds, -u(l) = I and it oscillates. 
However the conclusion in the other cases holds for any a. 

Proof of Proposition 15.41 

1 & 4) To fix the ideas we suppose that 8 > 81, the proof is identical in the case 
8 < —81. For x > 0, since Us > one has 

wt*) f(s) 
a 



\u' s \ 2+a (x) = 8 2+a -(2 + a)l' '^ds 



= 8 2+a - 8j +a + (2 + a) f 1 
> 8 2+a - 8 2+a := C. 



u s (x) a 
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This proves, in particular, that u' s (x) 7^ for all x and the Cauchy Lipschitz 
theorem ensures the local existence and uniqueness on every point, hence also the 
global existence . From this, we also derive that u' s > and for x > 0, us(x) > Cx, 
and symmetric estimates for x < give u$(x) < Cx. 

2) If 5 = 5i then \u' 5 \ 2+a (x) = (2 + a) fi g(x) ^ds > 0. Suppose that there 
exists some point x such that us(x) = 1 then u' s (x) = 0. By the uniqueness of the 
solution us(x) = 1 which contradicts the fact that u' s (0) — 5± ^ 0. 

We have obtained that ug(x) < 1 everywhere. Moreover u$ is increasing 
and bounded then linx^+oo u' s = 0. By hypothesis 3. on /, this implies that 
lim x ^ +OD u s {x) = 1. 

3) Suppose that < S < 5 U and let 9+ be such that (2 + a) / 9+ ^-dx = 5 2+a , 
which exists by the mean value theorem. Either u$ < + for all x, or there exists 
X\ such that us(xi) = 6 + , and then u' s (xi) = 0. Let us note that u = 9 + on a 
neighborhood of x\ is not a solution since f{9 + ) ^ 0. So us is not locally constant 
and in particular, in a right neighborhood of x\\ 

3e G , u' 5 \x) < 0, u' s ' £ 

for all x G (x±,Xi +£ ), hence u' s (x) < in (xi,Xi +£ )- 

So u is decreasing until it reaches a point where u' 5 (x2) = 0. Observe that by 
the equation 

= \u' s \ 2+a (x 2 ) = -(2 + a) / faX*)ds. 

Hence u(x 2 ) = 9~ £ (-1,0). 

We can reason as above and obtain that u oscillates between 9~ and 9 + . 
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